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Abstract. Based on the generalized linear quantum transformation theory, we present a new
method to exactly solve a two-dimensional time-dependent coupled quantum oscillator, and obtain
the exact formulae of the normal product form of the evolution operator, evolution matrix element,
wavefunction and expectation value of an arbitrary observable.

1. Introduction

In recent years, there has been a great deal of interest in the problem of solving the multi-
dimensional time-dependent quantum oscillator (TDQO) analytically [1–6], because of its
extensive application in various areas of physics, such as the field of experiments with
cold atoms [7, 8], the control of atoms by means of laser beams or other electric [9] and
magnetic fields [10], the quantum motion of a particle in a Paul trap [11, 12] and a quantized
electromagnetic field in a Fabry–Pérot cavity [13]. However, there are aspects of solving
the multi-dimensional TDQO which are problematic. One difficulty is the fact that, strictly
speaking, some methods [14–16] are not only complicated but it is also inconvenient to apply
their results to practical problems. For example, the expectation values presented in [15]
were calculated using coherent states (or particle-number states); in the Heisenberg picture,
therefore, the results cannot be used to calculate the wavefunction evolution of an arbitrary
initial state (or the expectation values). In addition, the system considered in [16] is single-
mode TDQO, which is a special (much easier) case of the system discussed in this paper.
Compared with this paper, the derivation in [16] is not only lengthy but also obscure. Also, the
time evolution operator presented in [16] is expressed as the product of three operators, which
is not convenient for calculation. In fact, no illustration was given in the mentioned references
for calculations (e.g. solving wavefunctions, expectation values, etc) in practical problems.
In this paper, we present areal complete analytical solution in a much more concise way by
means of generalized linear quantum transformation theory (GLQT) [17–20].

GLQT universally applies to a system with constant basic operator commutator, such
as
[
x̂l , p̂k/ih̄

] = δlk (x̂l and p̂l are one-dimensional coordinate and momentum operators,

respectively). So we have the linear unitary transformationÛ in two-dimensional configuration
space,

Û

(
P̂

ih̄
, X̂

)
Û† =

(
P̂

ih̄
, X̂

)(
A iD

iB̃ C̃

)
≡
(
P̂

ih̄
, X̂

)
M (1)
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whereP̂ = (p̂1, p̂2
)
, X̂ = (x̂1, x̂2

)
,M is a 4× 4 complex symplectic matrix, whileA, B, C

andD are 2× 2 real matrices, and the following equality is the symplectic condition ofM:

M̃

(
0 I

−I 0

)
M =

(
0 I

−I 0

)
(2)

(I is a 2× 2 unity matrix) or

B̃A = BA C̃D = CD CA + B̃D = I AC +DB = I etc.

Û can only be determined byA, B, C, D up to an arbitrary constant factor, andÛ can be
represented in the usual exponential, normal or anti-normal product form. In this paper, we
rewrite its normal product form,

Û = Û (n) = 1√
detC

: exp

{
i

2

[
1

h̄2 P̂DC̃
−1˜̂P +

2

h̄
P̂
(
1− C−1

) ˜̂
X + X̂BC−1˜̂X]} : (3)

where the notation :· · · : represents normal product, for example, :x̂2
i p̂i +p̂i x̂i : = p̂i x̂2

i +p̂i x̂i .
For the case of TDQO, the equation of the evolution operatorÛ is

ih̄
∂Û

∂t
Û† = Ĥ (t) Û (0) = Î (4)

whereÛ is a time-dependent exponential quadratic operator. The fundamental difficulty in
solving equation (4) is how to calculate∂Û/∂t , sinceÛ is a cluster function of non-commuting
operatorŝxl andp̂l (l = 1, 2). Although, equation (4) has the formal solution

Û = T̂ exp

(
− i

h̄

∫ t

0
Ĥ (τ ) dτ

)
(5)

whereT̂ is the time-ordering operator, the formal solution is not practical in actual calculations,
because of [̂H(t1), Ĥ (t2)] 6= 0 for arbitraryt1and t2. In this paper, it is convenient to solve
equation (4) and obtain the formulae of the evolution matrix element, wavefunction and
expectation value of the observable by means of GLQT and the normal product form of the
evolution operator.

2. General theory

Now, we consider the Hamiltonian for two-dimensional coupled TDQO

Ĥ (t) = 1

2m
(p̂2

1 + p̂2
2) +

1

2
mω2(x̂2

1 + x̂2
2) + f (p̂1x̂2 − p̂2x̂1) (6)

wherem, ω andf are time-dependent real functions.

2.1. Evolution operator

Let us take the normal product form of the evolution operatorÛ as equation (3), then
substituting equations (3) and (6) into equation (4), and utilizing equations (1) and (2), we
obtain

ḊÃ− ȦD̃ = − h̄
m

B̃Ċ − C̃Ḃ = mω2

h̄

AĊ +DḂ = −f σ
A(0) = C(0) = I B(0) = D(0) = 0

(7)
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where

σ =
(

0 1

−1 0

)
Ȧ = dA

dt
.

Applying equation (2) to simplify equation (7), we obtain

Ȧ− f σA = h̄

m
B̃ A(0) = I

Ḃ + fBσ = −mω
2

h̄
Ã B(0) = 0

Ċ + fCσ = mω2

h̄
D̃ C(0) = I

Ḋ − f σD = − h̄
m
C̃ D(0) = 0.

(8)

Considering the above equation, we choose the form ofM as

M =
(
A iD

iB̃ C̃

)
=
(

aeFσ ideFσ

ibe−Fσ ce−Fσ

)
(9)

whereF = ∫ t0 f (τ) dτ , ac + bd = 1. Then equation (9) becomes

ä +
ṁ

m
ȧ + ω2a = 0 a(0) = 1 ȧ(0) = 0

d̈ +
ṁ

m
ḋ + ω2d = 0 d(0) = 0 ḋ(0) = − h̄

m(0)

b̈ −
(
ṁ

m
+ 2

ω̇

ω

)
ḃ + ω2b = 0 b(0) = 0 ḃ(0) = −m(0)ω

2(0)

h̄

c̈ −
(
ṁ

m
+ 2

ω̇

ω

)
ċ + ω2c = 0 c(0) = 1 ċ(0) = 0.

(10)

So far, we have changed the problem of solving the evolution operator into a second-order
linear ordinary differential equation. For any actual problem, oncem(t), ω(t) andf (t) are
given, we can obtain the exact solution ofA,B,C,D and further determine the normal product
form of the evolution operator̂U by equation (3).

2.2. Evolution matrix elements

From equations (3) and (9), we can find the evolution matrix element between the eigenvectors
of the coordinate|X〉 = |x1〉 |x2〉 and momentum|P 〉 = |p1〉 |p2〉,

〈P |Û |X〉 = 1

2πh̄c
exp

[
id

2ch̄2P P̃ −
i

h̄c
(cosF · PX̃ + sinF · PσX̃) +

ib

2c
XX̃

]
(11)

and we can find the evolution matrix element in the coordinate representation

〈X′|Û |X〉 = 1

2π id
exp

{
1

2id
[cX′X̃′ − 2 cosF ·X ′̃X + 2 sinF ·X′σX̃ + aXX̃]

}
. (12)

The matrix element of̂U between the arbitrary states|ϕ〉 and|ψ〉 is

〈ϕ|Û |ψ〉 = 1

2π id

∫
exp

{
1

2id
[cX′X̃′ − 2 cosF ·X ′̃X + 2 sinF ·X′σX̃ + aXX̃]

}
×ϕ∗ (X′)ψ(X) dX′ dX (13)
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whereϕ∗
(
X′
) = 〈ϕ|X′〉, ψ(X) = 〈X|ψ〉, dX = dx1 dx2 and dX′ = dx ′1 dx ′2. Applying the

above formulae of the evolution matrix element, we can calculate the transition or scattering
probabilities.

2.3. Wavefunction

If the initial wavefunction of TDQO isψ(X, 0) = 〈X|ψ(0)〉, then the wavefunction at arbitrary
time can be expressed as

ψ(X, t) = exp((c/2id)XX̃)

2π id

∫
exp

[
1

id

(
1
2aY Ỹ − cosF ·XỸ + sinF · YσX̃)]ψ(Y, 0) dY

(14)

whereψ(X, t) = 〈X|Û |ψ(0)〉.

2.4. The expectation value

For an arbitrary observablêQ(P̂ , X̂), from equation (1) we obtain

Û†Q̂(P̂ , X̂)Û = Q̂
(
P̂C + h̄X̂B, X̂Ã− 1

h̄
P̂ D̃

)
≡ Ĝ(P̂ , X̂). (15)

Therefore, the expectation value ofQ̂ in state|ψ(t)〉
Q̄(t) = 〈ψ(t)|Û |ψ(t)〉 = 〈ψ(0)|Û†Q̂Û |ψ(0)〉 = Ḡ(0) (16)

equals the expectation value of observableĜ in the initial state|ψ(0)〉.

3. Applications

If the initial wavefunction is a two-dimensionalGaussianwavepacket, namely

ψ(X, 0) =
√
δ1δ2

π
exp

[− 1
2

(
δ2

1x
2
1 + δ2

2x
2
2

)]
(17)

then the wavefunction can be obtained from equation (14),

ψ(X, t) = λ exp
{− 1

2

[(
τ1 cos2F + τ2 sin2F

)
x2

1 +
(
τ1 sin2F + τ2 cos2F

)
x2

2

+(τ2 − τ1)(sin 2F)x1x2
]}

(18)

where

λ =
[

δ1δ2

π
(
a − iδ2

1d
) (
a − iδ2

2d
)]1/2

and

τl = cδ2
l − ib

a − iδ2
l d
.

In particular, ifδ1 = δ2 = δ, then

ψ(X, t) = δ√
π
(
a − iδ2d

) exp

[
−1

2

cδ2 − ib

a − iδ2d

(
x2

1 + x2
2

)]
. (19)
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It is apparent thatψ(X, t) is still a Gaussianwavepacket. From equation (16), we obtain

x̄l(t) = p̄(t) = 0 (l = 1, 2)

x2
1(t) = 1

2 cos2F

(
a2

δ2
1

+ δ2
1d

2

)
+ 1

2 sin2F

(
a2

δ2
2

+ δ2
2d

2

)
x2

2(t) = 1
2 sin2F

(
a2

δ2
1

+ δ2
1d

2

)
+ 1

2 cos2F

(
a2

δ2
2

+ δ2
2d

2

)
p2

1(t) = 1
2h̄

2 cos2F

(
b2

δ2
1

+ δ2
1c

2

)
+ 1

2h̄
2 sin2F

(
b2

δ2
2

+ δ2
2c

2

)
p2

2(t) = 1
2h̄

2 sin2F

(
b2

δ2
1

+ δ2
1c

2

)
+ 1

2h̄
2 cos2F

(
b2

δ2
2

+ δ2
2c

2

)
(20)

and

(4X)2(t) = x2
1(t) + x2

2(t) = 1
2a

2

(
1

δ2
1

+
1

δ2
2

)
+ 1

2d
2
(
δ2

1 + δ2
2

)
(4P)2(t) = p2

1(t) + p2
2(t) = 1

2h̄
2b2

(
1

δ2
1

+
1

δ2
2

)
+ 1

2h̄
2c2

(
δ2

1 + δ2
2

)
(4X)2(4P)2(t) = (4X)2(4P)2(0) + 1

4h̄
2

[
ab

(
1

δ2
1

+
1

δ2
2

)
− cd(δ2

1 + δ2
2)

]2

.

(21)

It is clear that(4X)2(4P)2(t) > (4X)2(4P)2(0), and(4xl)2(t) and(4pl)2(t) (l = 1, 2)

are affected by the coupled term ofĤ (t) (see equation (6)), while(4X)2(t) and(4P)2(t) are
not.

The crux of solving TDQO is to find the solution to equation (10). Now, we consider the
case with arbitraryf (t) and

m(t) = 1

ω(t)
exp

(
1
2s�

)
(22)

where�(t) = ∫ t
0 ω(τ) dτ , and s is a real constant. Substituting equation (22) into

equation (10), we have

a = e−s�



[
cosh

(√
s2 − 1�

)
+

s√
s2 − 1

sinh
(√
s2 − 1�

) ] (
s2 > 1

)
(1 + s�)

(
s2 = 1

)[
cos

(√
1− s2�

)
+

s√
1− s2

sin
(√

1− s2�
) ] (

s2 < 1
) (23)

c = es�



[
cosh

(√
s2 − 1�

)
− s√

s2 − 1
sinh

(√
s2 − 1�

) ] (
s2 > 1

)
(1− s�) (

s2 = 1
)[

cos
(√

1− s2�
)
− s√

1− s2
sin
(√

1− s2�
) ] (

s2 < 1
) (24)

b = −es�

h̄



1√
s2 − 1

sinh
(√
s2 − 1�

) (
s2 > 1

)
�

(
s2 = 1

)
1√

1− s2
sin
(√

1− s2�
) (

s2 < 1
) (25)
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d = −h̄e−s�



1√
s2 − 1

sinh
(√
s2 − 1�

) (
s2 > 1

)
�

(
s2 = 1

)
1√

1− s2
sin
(√

1− s2�
) (

s2 < 1
)
.

(26)

Substituting equations (23)–(26) into equation (21), noticing that(4X)2(t) decreases in

accordance with the exponential e−s�, if s andω > 0; otherwise, ifs < 0 andω > 0, (4P)2(t)
decreases. Namely, the TDQO withm(t) andω(t) satisfying equation (22) has a squeezed
effect for the initialGassianwavepacket.

The method presented in this paper is applicable for multi-dimensional coupled TDQO.
Utilizing the above results, we can conveniently change the quantum operation into ac-number
operation. Specially, we can obtain exact numerical solutions for TDQO with those cases which
have no explicit expressions.
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